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The su(n) Lie algebraic structure of the Pegg-Barnett os- 
cillator that possesses a finite-dimensional number-state space 
is demonstrated. The supersymmetric generalization of Pegg- 
Barnett oscillator is suggested. It is shown that such a super- 
symmetric Pegg-Barnett oscillator may have some potential 
applications, e.g., the mass spectrum of the charged leptons. 
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I. INTRODUCTION 

The quantum harmonic oscillator possessing an 
infinite-dimensional number-state space (i.e., the max- 
imum occupation number s tends to infinity) can well 
model the Bosonic fields. For example, light is considered 
a set of infinite number of harmonic oscillators. Since the 
classical observable phase of light has no corresponding 
Hermitian operator counterpart (quantum optical phase) 
[1-3], we will meet with some difficulties when we in- 
vestigate the number-phase uncertainty relations of the 
maser and squeezed state in quantum optics. These diffi- 
culties may be as follows: (i) the exponential-form oper- 
ator exp[i0] is not unitary, where cf> is a phase operator; 
(ii) the number-state expectation value of Dirac's quan- 
tum relation [4>,N] = —i is zero, i.e., (n\ [(f), N]\n) = 0. 
Here, N denotes the occupation-number operator of pho- 
ton fields. The expectation value of the right-handed side 
of Dirac's quantum relation, i.e., (n\(—i)\n) is, however, 
nonvanishing; (iii) the number-phase uncertainty relation 
ANA(f> > i would imply that a well-defined number 
state would actually have a phase uncertainty of greater 
than 2-7T [4] . In order to obtain a well-behaved Hermitian 
phase operator, Pegg and Barnett defined a phase state 
as \6) = lim s _, 00 (s + l)~i 5^_ o exp(i7i0)|n), where \n) 
(n = 0, 1, 2, s) are the s + 1 number states, which span 
an (s + l)-dimensional state space, and thus suggested 
an alternative, and physically indistinguishable, mathe- 
matical model of the monomode field corresponding to 
a finite but arbitrarily large state space [4]. This means 
that the state space {|n)} with < n < s has a finitely 
upper level (\s)) and the maximum occupation number of 
particles is s rather than infinity. It was shown that Pegg- 
Barnett (P-B) approach has several advantages over the 



conventional Susskind-Glogower formulation [2]. For ex- 
ample, the Pegg-Barnett phase operator is consistent 
with the vacuum being a state of random phase, while 
the Susskind-Glogower phase operator does not demon- 
strate such a property of the vacuum [4] . The resulting 
number-phase commutator in the P-B approach does not 
yet lead to any inconsistencies, but satisfies the condition 
for Poisson-bracket-commutator correspondence. The P- 
B formulation opened up new opportunities for treating 
some problems in quantum optics (e.g., atomic coher- 
ent population trapping (CPT) and electromagnetically 
induced transparency (EIT) [5]) and in quantum infor- 
mation [6]. 

In this paper we will further consider the Pegg-Barnett 
harmonic oscillator that involves a finitely large state 
space, and show that it possesses an su(n) Lie algebraic 
structures. Based on this consideration, we will general- 
ize the Pegg-Barnett oscillator to a supersymmetric case. 



II. ALGEBRAIC STRUCTURE OF P-B 
OSCILLATOR 

In this section, we will study the algebraic structures of 
P-B harmonic oscillators with arbitrary occupation num- 
ber s. For the Pegg-Barnett (P-B) harmonic oscillator 
with a finite but arbitrarily large state space of s + 1 
dimensions, the commutation relation between the anni- 
hilation and creation operators is [a, a^] = A instead of 
the conventional commutation relation ([a, a^] = I) of 
the Bosonic field. This means that the non-semisimple 
Lie algebra should be generalized to a semisimple one. 
It can be verified that the matrix representation of the 
operators a, and A takes the following form (in the 
number-state base- vector set) 



O-mn — Vn3m,n-1, ^ran ~ Vn+ l<5 mjIl +i, 



An 



(s + l)6m S Sns, 



(2.1) 



where the subscript m, n (which run from to s only) 
denote the matrix row-column indices. The remaining 
generators M., , K., T, ZF\ ... can be obtained as fol- 
lows (0 < m, n < s): 

K-4]mn = ( s + l)Vs(Sm+l,8$na) = (s + l)VsM m n, 

[a\A] mn = -(s + l)y/~s(-8 ms 5 n+llS ) = -(« + 1)VaML 

[M, M'] mn = -(S ms S ns - <S m +l,s<Wl,s) = —K-mn, 

[A,M] = (l + s)M, [A,M^] = -(1 + s)M\ 
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[ a ,M] mn = -\fs - I5 m +\,s-\&ns = -V S - lf„, 

[a\M f ] mn = Vs - 16 ms S n+ltS - 1 = Vs - lFt in , 
[M,K] = 2M, [M\K] = -2M\ ... 



(2.2) 



In the following, we will take into account the par- 
ticular cases of s = 1,2. According to the commu- 
tation relations (2.2) for the case of s = 1, in the 
number-state space, the matrix representation of the gen- 
erators a, a* and A are reduced to a = (e^ + zo"2)/2, 
at = (ui —ioi)l2 and A = a 3 , where <Tj's (i = 1,2,3) 
are Pauli's matrices. In the meanwhile, the rest genera- 
tors M,M\K,,F,J^,... arc M = -a,M ] = -a f ,/C = 
—A, T = 0,T^ = O,..., respectively. It is thus shown 
that the three generators {a, a\ A} form a Lie algebra. It 
follows that aa) +a)a = X. Since the algebraic generators 
of su(2) Lie algebra can be constructed in terms of Pauli's 
matrices, the P-B harmonic oscillator with s = 1 corre- 
sponds to the Fermionic fields and possesses an su(2) Lie 
algebraic structure. 

For the case of s = 2, it can also be shown that the alge- 
braic generators a, a\A, A4, A4\JC, T, form an sl(3) 
algebra. The eight Gell-Mann matrices, Aj, can therefore 
be constructed in terms of these algebraic generators, i.e., 

Ai = a + at + V2(M + M+ 

A 2 = i[a) - a + V2(M f - M)], 

\ 3 =A + 2JC, \i=T + T\ 

A 5 = i(jrt_jr), \ 6 = -(M + M^), 



A 



A« 



V3 



(2-3) 



Thus we demonstrated that the P-B harmonic oscillator 
with s — 2 possesses an su(3) Lie algebraic structure. 

As to the case of arbitrary integer s, it can be verified 
that the P-B harmonic oscillator possesses an su(s + 1) 
Lie algebraic structure: if Q represents the linear com- 
bination of the Hcrmitian operators, and consequently 
Q — Q\ then the exponential-form group element opera- 
tor U = exp(i^) is unitary. Besides, since a, a) and A are 
traceless, all the generators derived by the commutators 
in (2.2) (and hence Q) are also traceless due to the cyclic 
invariance in the trace of matrices product. Thus the de- 
terminant of the group element U is unity, i.e., detU = 1, 
because of detU = exp[tr(i£?)]. Since it is known that 
such a group element U that satisfies simultaneously the 
above two conditions is the group element of the su(n) Lie 
group, the high-dimensional Gell-Mann matrices, which 
closes the corresponding su(ra) Lie algebraic commutation 
relations among themselves, can also be constructed in 
terms of the generators a, a\ A, M, M.\ /C, J 7 , , ... pre- 
sented above. It is thus concluded that the P-B harmonic 
oscillator with a maximum occupation number s has an 
(s + l)-dimensional number-state space and possesses an 
su(s + 1) Lie algebraic structure. 



Considering the case of s — > 00 is of typically physical 
interest. Apparently, it is seen that A tends to a unit 
matrix X, and all the remaining generators (except a and 
a^), the off-diagonal matrix elements of which approach 
zero, are thus reduced to O. This, therefore, means that 
the P-B harmonic oscillator with an infinite-dimensional 
state space just corresponds to the Bosonic fields. 

We hope the consideration of algebraic structures of 
P-B oscillator presented here might be applicable to the 
investigation of some related topics such as fractional 
statistics, anyon [7] and cyclic representation of quantum 
algebra (group) [8]. 

III. THE SUPERSYMMETRIC CASE 

Here, we will suggest a concept of supcrsymmetric P-B 
oscillator. For this aim, we should first take account of 

a set of algebraic generators jiV, N' , Q, Q\ 03 j, which 

possesses a supersymmetric Lie algebraic properties, i.e., 

Q 2 = (Qt) 2 = 0, [Q,Qi]=N'a 3 , [n,n' 
[N,Q] = -Q, [N,Qi]=Q\ 
|Q,Q t }=7V', {Q,a 3 } = {Q\a 3 }=0, 



N ,Q 



= 0, 



N,Ql 



= 0, 



[Q,<7 3 ] = -2Q, [Q\<y 3 ]=2Q\ 
(Ql-Q) 2 = -N, \N',a 3 



0. 



(3.1) 



where { } denotes the anticommuting bracket. One of 
the physical realization of such a Lie algebra is the multi- 
photon Jaynes-Cummings model [9,10], the generators of 
the interaction Hamiltonian of which is Qt = _^ a t' c ( j_ 
and Q = -^a k cr + , where a± = (<7i ± i(T 2 ) /2, and k de- 
notes the photon number in each atomic transition pro- 
cess [9-11]. It can be readily verified that the eigenvalue 
equation of the invariant operator N (which commutes 
with all the operators N, Q\Q, <j 3 ) is of the form 



N 



I to) 
|to + k) 



a 



I to) 
|to + k) 



(3.2) 



with the eigenvalue C™ +fe 
shows that 



(rn+fc)! 
m\k\ 



Further calculation 



Q 



I TO) 




to + k) 



(m+fc)! 
m\k\ 



(m+fc)! 
m\k\ 





m + k) 
rn 




(3.3) 



Thus we obtain the following supersymmetric quasialge- 
bra {N, Q\ Q, a 3 } in a sub-Hilbcrt-space corresponding 
to the particular eigenvalue C™ +fe of the invariant oper- 
ator N by replacing the generator N with C™ +fc in the 
commutation relations in (3.1), i.e., 
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[Q,Q f ]=c™ +k a 3 , {Q,Q 1 } = c% +k , 

{Q ] -Q) 2 = -Cm+fe- (3.4) 

Here we assume that the supersymmetric P-B oscil- 
lator can be characterized by the above supersymmet- 
ric quasialgebra (3.4). By analogy with the Hamiltonian 
(H = i {a, a^} uj) of the Bosonic oscillator, the Hamil- 
tonian of such a supersymmetric P-B oscillator may be 
written in the form H = | {Q, QtJ where and Q 
can be regarded as the creation and annihilation opera- 
tors and the eigenvalue C™ +fc of N may be considered 
the particle occupation number of the supersymmetric P- 
B oscillator in a certain number state (e.g., the eigenstate 
of N). 

It should be noted that the multiphoton Jaynes- 
Cummings model, the Hamiltonian of which possesses 
a supersymmetric Lie algebraic structure, can model the 
behavior of the supersymmetric P-B oscillator: specif- 
ically, by choosing the appropriate parameters for the 
multiphoton Jaynes-Cummings model, the Hamiltonian 
of which can take the form of the linear combination of Q 
and Q\ namely, H = gQ + g*Q\ where g and g* denote 
the coupling coefficient of this Jaynes-Cummings model. 
If the stationary Schrodinger equation of the multipho- 
ton Jaynes-Cummings model is of the form H\ip) — e|-0) , 
then one can easily obtain a new eigenvalue equation 

{Q,Qt}|V,)=e 2 /( 5 *<?M. 

IV. A POTENTIAL APPLICATION 

In the previous sections, we discussed the Lie alge- 
braic structure of P-B oscillator and then proposed a 
supersymmetric generalization. Here, we will consider 
a potential application of the concept of the supersym- 
metric P-B oscillator to the mass spectrum of charged 
leptons. First, we suggest a new mass formula for the 
charged leptons that agrees with experimental values to 
a high degree of accuracy. This leptonic mass spectrum 
is constructed based on the following three clues: (i) the 
supersymmetric P-B oscillator; (ii) Barut's viewpoint of 
magnetic self-interaction of charged leptons [12,13]; (iii) 
the experimental values of charged leptons. 

According to the previous section, the energy (or fre- 
quency) of the supersymmetric P-B oscillator is propor- 
tional to the combination coefficient C l m (i.e., jT(0zm )- 
Particularly, if the two integers m and I satisfy the re- 
lation m = I, then this supersymmetric oscillator will 
be reduced to a regular two-dimensional Pegg-Barnett 
oscillator. We assume that there is a deep connection 
between the supersymmetric Pegg-Barnett oscillator and 
the generation replication of charged leptons, namely, the 
supersymmetric Pegg-Barnett oscillator can model some 
behaviors (at least the mass spectrum) and the internal 
structures (should such exist) of some certain elementary 



particles. Thus, the above combination coefficient should 
be introduced into the leptonic mass spectrum under con- 
sideration. In addition, Barut showed that the mass dif- 
ference between muon and electron may result from the 
magnetic self-interaction energy of the electron [12,13]. 
He believed that the radiative effects give an anomalous 
magnetic moment to the electron, which implies an extra 
magnetic energy [12,13]. By using the quantization for- 
mulation according to the Bohr-Sommerfeld procedure, 
one can obtain the magnetic energy of a system consist- 
ing of both a charge and a magnetic moment as Ei = XI 4 
with I and A being the angular quantum number of the 
system and a certain constant coefficient [12,13]. Based 
on the above enlightening clues, a new mass formula for 
the charged leptons can be constructed as follows 

where m e , a and n denote the electron mass, the elec- 
tromagnetic fine structure constant and the generation 
quantum number (generation index of leptons), respec- 
tively. Here, the electron (e), muon (/n) and tau (r) par- 
ticle correspond to n = 0,1,2, respectively. By using 
a- 1 = 137.036 and m c = 0.51100 MeV, it follows from 
the formula (4.1) that the masses of charged leptons of 
various generations are m M = 105.55 MeV, m T = 1786.2 
MeV and m 3 = 4622.2 MeV. The experimental val- 
ues for muon and tau masses are m™ p = 105.66 MeV, 
m ex P = 1784 2 MeV [14]. Thus the relative precisions of 
the formula (4.1) are only of —1.04 x 10~ 3 (for muon) 
and +1.12 x 10~ 3 (for tau), respectively. It should be 
noted that the currently accepted value for the tau lep- 
ton mass that was measured in 1992 is m c r xp = 1776.9 
MeV [15]. Someone may therefore argue that the formula 
(4.1) will not agree very well with such an experimental 
result. But we will point out that this is not the true case. 
Since for the case of tau, the interaction energy scale is 
of GeV, one should consider the running coupling "con- 
stant" of electromagnetic interaction ( i.e., the variation 
of the fine structure constant at different energy scale) . 
By taking account of this factor, the inverse of the fine 
structure constant, a -1 , will decrease. As a result, the 
mass of tau particle obtained by using (4.1) will there- 
fore become less and is still in good agreement with the 
experimental value obtained in 1992 [15]. In a word, the 
mass spectrum of charged leptons presented in this pa- 
per can agree with the experiments to about one part 
in 10 3 . It is shown from the mass spectrum (4.1) that 
there may exist a fourth (and even final) charged lepton, 
the mass (7713) of which is more than 9000 times that of 
electron. Even though such a heavy "electron" has so far 
never been observed experimentally, such a mass spec- 
trum may still be of interest, since the most remarkable 
feature of (4.1) is that the total generation number of 
leptons is finite (rather than infinite), which results from 
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the fact that the integer I in the combination number C l 3 
can be taken to be I — 0,1,2,3 only. So, it might be 
able to interpret one of the most fundamental problems 
in particle physics and quantum field theory, i.e., the 
finite-generation- number phenomenon of fcrmions. This 
advantage has never arisen in the previous mass spec- 
tra of leptons proposed by other investigators, where the 
mass formulae could not suppress the generation index 
and the total number of the allowed generations of the 
fermion chain is infinite [12,13,16]. 

It should be noted that although the present experi- 
mental evidences show that the total generation number 
of the fermion chain is three [17], a probe into the po- 
tential existence of extra generations of fermions has still 
attracted attention of many investigators by now [18-28]. 
In experiments, the latest electroweak precision data al- 
lows the existence of additional chiral generations in the 
standard model [19]. Arik et al. studied the influence 
of extra generations on the production of the standard 
model Higgs boson at hadron colliders [18,19] . In theoret- 
ical investigations, some authors extended the standard 
electroweak gauge model to include a fourth generation of 
fcrmions, and considered the exotic interactions involv- 
ing fourth-generation quarks and leptons which cannot 
be confused experimentally with those of the standard 
model, or suggested a completely different interaction 
model for the extra-generation fermions [24-33]. These 
studies may provide a possible test of the fourth genera- 
tion and would give a signal of new physics. 



V. CONCLUSION 

We discuss the su(n) Lie algebraic structure of the P- 
B oscillator and generalize it to a supersymmetric case. 
We think that in some sense the multiphoton Jaynes- 
Cummings model can describe the behavior of the su- 
persymmetric P-B oscillator. Based on the concept of 
supersymmetric P-B oscillator and Barut's viewpoint of 
magnetic self-interaction of charged leptons, we construct 
a new mass formula for charged leptons, the most re- 
markable feature of which is such that the total number 
of the generations of the charged leptons is finite. We 
think that since it can present a possible explanation for 
the finite-generation phenomenon of charged leptons, our 
tentative analysis (the application of supersymmetric P- 
B oscillator to leptonic mass spectrum) in the present 
paper may still deserve further consideration. We hope 
this consideration might provide us with an insight into 
the problems such as the physical origin of the generation 
replication of the fermion chain. 
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